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Directed bond percolation

Exercise 12.1: Bond-DP evaluated exactly

(6P)

In this exercise we consider a directed bond percolation process on an inﬁnite chain. The
model is controlled by the probability p that a bond is open.
(a) Suppose that the process starts with a single active site in the center at t = 0 while
all other sites are inactive. Compute the complete probability distribution for the
four conﬁgurations at t = 1 and the eight possible conﬁgurations at t = 2. (1P)
(b) Compute the survival probability (i.e., the probability to ﬁnd at least one active
particle) for t = 1, 2 as a function of p. (2P)
(c) Suppose that the process starts with a fully occupied lattice (all sites active) at
t = 0. Compute the density of active sites (the expectation value that a site is
active) at t = 1, 2 as a function of p. (2P)
(d) Compare the two quantities and explain you observation. (1P)
Exercise 12.2: DP mean field approximation

(6P)

In the mean ﬁeld approximation of directed percolation (DP) extended by a term for
diﬀusion, the density of active sites ρ(x, t) evolves according to the partial diﬀerential
equation
ρ̇ = λρ(1 − ρ) − ρ + D∇2 ρ.
(a) Determine the homogeneous (space-independent) stationary (time-independent)
density ρstat as a function of λ. Where is the critical point λc ? Test the solutions for stability by a stability analysis. (2P)
(b) Find the exponent for ρstat ∼ (λ − λc )β near the critical point. (1P)
(c) At criticality λ = λc the homogeneous density ρ(t) decays as ρ(t) ∼ t−δ . Compute
the exponent δ. (1P)
(d) Show that the Greens function of the mean ﬁeld equation at the critical point be
written in the form
G(x, t) = t−1 f (x2 /t).
Hint: It is suﬃcient to derive an autonomous diﬀerential equation for f , you don’t
have to compute f explicitly. Restrict yourself to t > 0 and ignore the scaling of
the δ-functions. (2P)
(Σ = 12P)
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