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Normal distribution [Wikimedia]

Exercise 2.1: Transforming probability densities

(6P)

Consider the curve y = cosh x. The aim of this exercise is to decorate
this curve in the interval x ∈ [x1 , x2 ] with random points in such a
way that the density of the points is uniform along the curve. Since
the slope of the curve varies, this means that the x-coordinates of
these points are not uniformly distributed.
(a) Compute the probability density p(x) of the x-coordinates.
Hint: the density of the points per arc length of the curve has
to be constant. (2P)
(b) Normalize the probability density on the interval x ∈ [x1 , x2 ]. (1P)

(c) Find a function f : z 7→ x = f (z) such that it maps a uniform probability density
p(z) = const to the non-uniform probability density p(x) calculated in (a)-(b). (2P)

(d) Adjust the integration constant in (c) in such a way that f maps [z1 , z2 ] 7→ [x1 , x2 ]
with f (z1 ) = x1 and f (z2 ) = x2 . Specialize the result for a standard random number
(z1 = 0, z2 = 1). (1P)
Exercise 2.2: Normal distribution

(6P)

The probability density function of the normal distribution with zero mean and variance σ 2
is given by
x2
1
p(x) = √ e− 2σ2 .
σ 2π
(a) Derive a recursion relation for the moments which expresses mn in terms of mn−2 .
The relation can be derived by partial integration of the deőning integral. (2P)
(b) Apply this recursion relation to compute the őrst six moments m1 , . . . , m6 . (1P)
(c) Derive the moment-generating function of the normal distribution given above.
Hint: Try quadratic completion (quadratische Ergänzung) in the integrand. (2P)
(d) Compute all cumulants κn of the normal distribution given above from the cumulantgenerating function. (1P)
(Σ = 12P)
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